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Warm-Up Problems (work with your neighbors, 5-10 min.)

1) A)If you have a right triangle with sides x & y, express the hypotenuse, h, in terms of x and y.
B)If x=3 and y=5 find the length of the hypotenuse  (Hint: Think Pythagorean Theorem)


			

2) [bookmark: _GoBack]A)  If you have a triangle, which is not necessarily a right triangle, and you know two sides and the angle which subtends these sides, how can you find the third side of the triangle?  (Hint: check the back page in your book and think about the trigonometric Law of ____________).
B)  If one side, a, is 2, the other side b, is 1, and the angle they subtend is 120°, find the third side c.
	
a           b	
		
      c





3)  [image: ]	
For the diagram above, use similar triangles to determine the length of the persons shadow.





Recall: Derivatives describe instantaneous rates of change. We take derivatives using power rule, product/quotient rule, chain rule, and implicit differentiation.

Purpose:	To introduce and gain intuition about Related Rates.

What are Related Rates?  Problems that have an equation relating two or more things which change over time, where we are interested in finding the rate of change (derivative) of one of the functions over time.

Examples:
1)  Observer tracking a missile flying overhead, any object in motion relative to some observer, Changes in voltages/resistances in electric circuits, Rates of differential volumes as a substance fills a non standard container.

2)   Boyles Law
The bicycle pump/hydraulics phenomenon (log splitter) (Boyle’s Law):



Ex 1: 3.7.27:  A 25ft. ladder is leaning against the wall of a house.  If the base of the ladder is pulled away from the wall at a rate of 
a) How fast is the top of the ladder moving down the wall when its base is 7,15,24 ft from the wall?








































The most commonly used relationships we will focus on:
1) 
Given or known relationships (Boyle’s Law, Newton’s Second Law of Motion (F=ma), Einstein’s famous relativity equation , etc…)
2) Pythagorean Theorem
3) Similar Triangles
4) Trigonometric relationships
5) Geometric shapes and their equations
The 6 step plan to solving related rates problems (short version):

1) Read the instructions
2) Sketch a diagram, label the constant values, the for the things that are changing, place a variable to represent the changing (do not write in the values for the changing variables until after step 5!)
3) In a box, place three headings: 1) Constants, 2) Changing, 3) Find.
· Under the title of “constants”, label all the constant values which do not change in the problem.  
· Under the title of “changing”, assign variables to all places where the values are not always the same, (hint, if the problems states “find blah blah when  then  is not a constant; if it were then  would be 0). 
· Under the title “find”, write down the unknown rate or variable you are being asked to find with a ? next to it.  write down the unknown rate you are looking for with a question mark next to it.
4) Find the governing equation relating the problem to as few of the unknown values as possible and be sure to include the variable which will create the rate you were asked to find.  
 	The trick is to try to minimize the unknown variables while still including the one variable which will produce the rate you are looking for after you take your derivative.  
Sometimes you will need to find secondary relationships in order to find values for variables that you were unable to avoid or get rid of. 
Look for known mathematical relationships (similar triangles, Pythagorean Theorem, trigonometric relationships, etc.)
5) Take the derivative of both sides of the governing equation with respect to time.  Warning: Differentiate and then substitute the boxed numbers for the variables.  If you reversed the order you would just be differentiating constants (which would yield 0). 
6) Now that you took the derivative, substitute the values given in the problem and solve for the unknown rate.  If you still have a function of more than just the unknown, then go back to your related equations (or find another one) and solve for the missing values.  Box your Answer.


Ex 2:  (Example from engineering dynamics using a trigonometric relationship)




Problem Statement:	A robotic arm is part of an assembly line which places CD’s into their jewel cases.  The arm is attached atop of a 1m post standing vertically from its platform base.  The arm is 2 m long and, for simplicity, rotates up and down in a vertical plane.  The angular velocity , , of the robotic arm which rotates at a speed of  rad/sec at a time when the angle between the post and the arm is  radians and the in air distance from the platform base to a CD being moved into its jewel case is  m.  Find the speed of the CD at this instant relative to the base of the post.
__________________________________________
Solution:
1) 		3) 
2)                   b=2m

                              c
      a=  1m









Ex 3:  (example from physics/chemistry/engineering involving a relationship given in the problem statement.)

Problem statement:  
Boyle’s Law states that when a sample of gas is compressed at a constant temperature (adiabatically), the pressure, P, and the volume, V are governed by the equation where T (temp) is held at a constant.  Suppose that at a certain instant the volume is 400 cm3 and when the pressure is 80 kPa the pressure is decreasing at a rate of 10 kPa/min.  At what rate is the volume increasing at this instant?
[image: ]____________________________________
Solution:

1) Read the Problem.






2) Sketch a picture


3) Box the constant, changing, and value you wish to find.
 Warning: Do not substitute in the values until after you have taken the derivative of both sides!!  If you substitute first you will be differentiating constants.  Oh No!!





4)  Find the governing equation.  Note: this example requires no other related equations and also P & V are variables (so product rule will be required!)


5) Take the derivative of both sides with respect to time, t.

	



6) Now substitute the known changing values.  Note: Now and only now does the problem become a function of the only unknown,  				 
 


We can check the units to be sure the answer makes sense (dimensional analysis).  

CHECK THE UNITS TO BE SURE THE ANSWER IS IN /min.


MORE EXAMPLES TO FOLLOW ILLUSTRATING THE USE OF SIMILAR TRIANGLES AND THE PATHAGOREAN THEOREM.
Ex 4 Suppose that the radius  and height  of a cone are related to the cone’s volume  by the formula .
a) How is  related to  if  is constant?
b) How is  related to  if  is constant?
c) How is  related to  and  if neither  nor  is constant?









Ex 5 How rapidly will the fluid level inside a vertical cylindrical tank drop if we pump the fluid out at the rate of ?  Assume that the tank has radius  and height  measured in meters.  Next find how rapidly the level drops if .    Note that .
[image: 03_52]
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Ex 5 Coffee is draining from a 6” high by 6”diameter conical filter into a 6” diameter cylindrical coffeepot at the rate of .  

a) How fast is the level in the pot rising when the coffee in the cone is  deep?













b) How fast is the level in the cone falling then?
[image: ]
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[image: ]Ex 6 (3.7.35) A man  tall walks at a rate of  away from a streetlight that is  above the ground.  When he is  away from the base of the light,
Check out a video of this problem being solved at:
http://www.youtube.com/watch?v=kBfSwZAUoJM&feature=related

a) At what rate is the tip of his shadow moving (relative to the pole)?  
b) At what rate is the length of his shadow changing?





First: At what rate is the tip of his shadow moving (relative to the pole)? 
 
This is asking for 












b) Second: At what rate is the length of his shadow, s, changing when he is  from the base of the light?
We are being asked to find .


















Ex 7:  If two resistors with resistances  are connected in parallel, as in the figure, then the total resistance , measured in ohms , is given by 


If  are increasing at rates of  respectively, how fast is  changing when
 
[image: ]
							







































Ex 8: An airplane is flying in a 2-D plane with a camera.  The airplane is flying at  at a constant altitude of , , and is approaching the camera mounted on the ground.  Let  be the angle at which the camera is pointed.  How fast must the camera rotate to keep the plane in view when ?  

                 c              a	 
                    
                           
                   b









































(Answer: 67.5 rad/hr)
Ex 9 (If time permits/In-Class) A particle moves from right to left along the parabolic curve  in such a way that its coordinate (measured in meters) decreases at a rate of .  How fast is the angle of inclination  of the line joining the particle to the origin changing when?
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FIGURE 3.52 The rate of change of fluid
volume in a cylindrical tank is related to
the rate of change of fluid level in the tank
(Example 1).
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A man starts walking north at 4 ft/s from a point P. Five min-
utes later a woman starts walking south at 5 ft/s from a point

500 ft due east of P. At what rate are the people moving apart
15 min after the woman starts walking?

A baseball diamond is a square with side 90 ft. A batter hits

the ball and runs toward first base with a speed of 24 ft/s.

(a) At what rate is his distance from second base decreasing
when he is halfway to first base? _

(b) At what rate is his distance from third base increasing at
the same moment?

e altitude of a triangle is increasing at a rate of 1 cm/min
_ whi . . . .

hile the area of the triangle is increasing at a rate of
2 cm?/min. At what rate is the base of the triangle changing
when the altitude is 10 cm and the area is 100 cm??

A boat is pulled into a dock by a rope attached to the bow of
the boat and passing through a pulley on the dock thatis 1 m
higher than the bow of the boat. If the rope is pulled in at a
rate of 1 m/s, how fast is the boat approaching the dock when
it is 8 m from the dock?

At noon, ship A is 100 km west of ship B. Ship A is sailing
south at 35 km/h and ship B is sailing north'at 25 km/h. How
fast is the distance between the ships changing at 4:00 p.M.?

A particle is moving along the curve y = V. As the particle
passes through the point (4, 2), its x-coordinate increases at a
rate of 3 cm/s. How fast is the distance from the particle to the
origin changing at this instant? )

Water is leaking out of an inverted conical tank at a rate of
10,000 cm®/min at the same time that water is being pumped
into the tank at a constant rate. The tank has height 6 m and
the diameter at the top is 4 m. If the water level is rising at a -
rate of 20 cm/min when the height of the water is 2 m, find the
rate at which water is being pumped into the tank.

A trough is 10 ft long and its ends have the shape of isosceles
triangles that are 3 ft across at the top and have a height of 1 ft.

If the trough is filled with water at a rate of 12 ft’/min, how
fast is the water level rising when the water is 6 inches deep?

A water trough is 10 m long and a cross-section has the shape™
- of an isosceles trapezoid that is 30 cm wide at the bottom,

20.

@

24,

80 cm wide at the top, and has height 50 cm. If the trough is

“being filled with water at the rate of 0.2 m*/min, how fast is

the water level rising when the water is 30 cm deep?

<

A swimming pool is 20 ft wide, 40 ft long, 3 ft deep at the

shallow end, and 9 ft deep at its deepest point. A cross-section

is shown in the figure. If the pool is being filled at a rate of
0.8 ft'/min, how fast is the water level rising when the depth at
the deepest point is 5 ft?

Gravel is being dumped from a conveyor belt at a rate of

l
I
|
{
|
|
i
|
i

30 ft’/min and its coarseness is such that it forms a pile in the

shape of a cone whose base diameter and height are always
equal. How fast is the height of the pile increasing when the
pile is 10 ft high?

A kite 100 ft above the ground moves horizontally. at a speed
of 8 ft/s. At what rate is the angle between the string and the
horizontal decreasing when 200 ft of string have been let out?

Two sides of a triangle are 4 m and 5 m in length and the angle .
between them is increasing at a rate of 0.06 rad/s. Find the rate -

at which the area of the triangle is increasing when the angle
between the sides of fixed length is 7/3.

Two sides of a triangle have lengths 12 m and 15 m. The angle

- between them is increasing at a rate of 2 /min. How fast is the

length of the third side increasing when the angle between the
sides of fixed length is 60°?

Boyle’s Law states that when a sample of gas is compressed at
a constant temperature, the pressure P and volume V satisfy

the equation PV = C, where C is a constant. Suppose that at 2
certain instant the volume is 600 cm?, the pressure is 150 kPa,
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and the pressure is increasing at a rate of 20 kPa/min. At what
rate is the volume decreasing at this instant?

When air expands adiabatically (without gaining or losing
heat), its pressure P and volume V are related by the equation
PV = C, where C is a constant. Suppose that at a certain
instant the volume is 400 cm® and the pressure is 80 kPa and is
decreasing at a rate of 10 kPa/min. At what rate is the volume
increasing at this instant?

If two resistors with resistances R, and R, are connected in
parallel, as in the figure, then the total resistance R, measured
in ohms ({1), is given by

1 1 1

R R R

If R, and R, are increasing at rates of 0.3 Q/s and 0.2 Q/s,
respectively, how fast is R changing when R; = 80 ) and

R,

Brain weight B as a function of body weight W in fish has

been modeled by the power function B = 0.007W?%3, where

B and W are measured in grams. A model for body weight as

a function of body length L (measured in centimeters) is

W = 0.12L*%. If, over 10 million years, the average length of
a certain species of fish evolved from 15 cm to 20 cm at a con-

stant rate, how fast was this species’ brain growing when the

average length was 18 cm?

. JA ladder 10 ft long rests against a vertical wall. If the bottom

of the ladder slides away from the wall at a speed of 2 ft/s,
how fast is the angle between the top of the ladder and the wall

" changing when the angle is 77/4 rad?

30.

Two carts, A and B, are connected by a rope 39 ft long that
passes over a pulley P (see the figure). The point Q is on the.

- floor 12 ft directly beneath P and between the carts. Cart A is

being pulled away from Q at a speed of 2 ft/s. How fast is cart
B moving toward Q at the instant when cart A is 5 ft from Q?

31.

32.

33.

35.

A television camera is positioned 4000 ft from the base of a

rocket launching pad. The angle of elevation of the camera has

to change at the correct rate in order to keep the rocket in

sight. Also, the mechanism for focusing the camera has to take

into account the increasing distance from the camera to the

rising rocket. Let’s assume the rocket rises vertically and its

speed is 600 ft/s when it has risen 3000 ft.

(a) How fast is the distance from the television camera to the
rocket changing at that moment?

(b) If the television camera is always kept aimed at the rocket,
how fast is the camera’s angle of elevation changing at that
same moment?

A lighthouse is located on a small island 3 km away from the
nearest point P on a straight shoreline and its light makes four
revolutions per minute. How fast is the beam of light moving
along the shoreline when it is 1 km from P?

A plane flying with a constant speed of 300 km/h passes over
a ground radar station at an altitude of 1 km and climbs at an
angle of 30°. At what rate is the distance from the plane to the
radar station increasing a minute later?

Two people start from the same poiht. One walks east at
3 mi/h and the other walks northeast at 2 trh/ h. How fast is
the distance between the people changing after 15 minutes?

A runner sprints around a circular track of radms 100 m at a
constant speed of 7 m/s. The runner’s friend is standing at a
distance 200 m from the center of the track. How fast is the
distance between the friends changing when the distance

between them is 200 m?
he minute hand on a watch is 8 mm long and the hour hand -
is 4 mm long. How fast is the distance between the tips of the

hands changing at one o’clock?
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