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T34

part (¢). (b) exponential
(c)

(a) See the answer graph for

P(x) = 10] 3¢~ 0001341

1200

H‘(Ni.__L

0

(d) P(1500) 828 mb:

11

000

P(11,000) = 232 mb 74. (a) The
function gives approximately 6965
million, which differs by 886 mil-

lion from the actual value

(b) 7458 million (¢) 8554 million
75. (a) about 63,000 (b) about

42,000 (¢) about 21.000

76. (a) about 207 (b) about 235
(¢) about 249 (d) The number of

symbals appr oaches 250.

75. Deer Population The exponential growth of the deer population in Massachll
can be calculated using the model

T = 50,000(1 + .06)",

where 50,000 is the initial deer population and .06 is the rate of growth. T js the

Setty

totg]
population after n years have passed.
(a) Predict the total population after 4 yr.
(b) If the initial population was 30,000 and the growth rate was .12, appro’ﬁmate]y

how many deer would be present after 3 yr? . . -
(¢) How many additional deer can we expect in 5 yr if the initial pop

ulatiop is
45,000 and the current growth rate is .08?

76. Employee Training A person learning certain skills involving repetition tends (g
learn quickly at first. Then learning tapers off and appro?ches some upper Jimjg
Suppose the number of symbols per minute that a person using a word Processor cap
type is given by

p(1) = 250 — 120(2.8)*,

where 7 is the number of months the operator has been in training. Find each value,

() p(2) (b) p(4) (c) p(10)
(d) What happens to the number of symbols per minute after several months of
training?

9.2 Logarithmic Functions

lLogarithms = Logarithmic Equations = Logarithmic Functions = Properties of Logarithms

!
!

Exponent
|

V
Logarithmic form: y =

Exponent
Exponential form: '
A
|
Base

log, x

X

T

Base

Logarithms The previous section dealt with exponential functions of the
form y = a* for all positive values of a, where a # 1. The horizontal line test
shows that exponential functions are one-to-one, and thus have inverse func-
tions. The equation defining the inverse of a function is found by interchanging x
and y in the equation that defines the function. Doing so with

y=a gives X =a" (Section6.1)

as the equation of the inverse function of the exponential function defined by
y = a". This equation can be solved for y by using the following definition.

ngarithm

For all real numbers y, and all positive numbers a and x, where @ % 1:
y = log, x if and only if x=a.

The “log” in the definition above is an abbreviation for logarithm. Read log, x
as “the logarithm to the base a of x.”

By the definition of logarithm, if y = log, x, then the power to which a must

be raised to obtain x is y, or x = @”. To remember the location of the base and the
exponent in each form, refer to the diagrams in the margin.

Meaning of log, x

A logarithm is an exponent. The expression log, x is the exponent to
the base @ must be raised to obtain x.
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Nowe try Bxercises 3, 5, 7. and S

Logarithmic Equations The definition of loganithm can be wsad 0 sobve
2 legarithmic equation, an equation Wwith a logarithm in at least one e,
by first writing the equation in exponential form.

Solve each equation.

) log.x= © loga VT =x

‘J"JI

S
@ log.;; =3
Solution
@ log,

", S
ff
— W
t.ﬂll\’ l.u'l.} d‘oo

Write in exponential form.
> \3
| ) $=@F

Take cube roots.

%,
Il

X
The solution set is {3}
s
(b) log.x = S
Write in exponential form.

a* = (@™

4)5__._ 4L:,l::p:‘:

The solution set is {32}
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R
p

(e) logse V7 =x
49" = \) 7 Write in exponential form
(71)‘ = 7% Write with the same base

I = B (@) =a

|
l\' o — Set exponents \‘\lll.ﬂ
3 I
1 .
x=- Divide by 2. (Appendix A)
6

. . |
The solution set 1s {5}

—

Now try Exercises 13, 25, and 27.

Logarithmic Functions We define the logarithmic function with base
as follows.

Logarithmic Function

Ifa>0,a # 1,and x > 0, then
Sfx) = log,x

defines the logarithmic function with base a. ‘
- — O ems———

Exponential and logarithmic functions are inverses of each other. The graph
of y = 2" is shown in red in Figure 13(a). The graph of its inverse is found by
reflecting the graph of y = 2" across the line y = x. The graph of the inverse
function, defined by y = log, x, shown in blue, has the y-axis as a vertical
asymptote. Figure 13(b) shows a calculator graph of the two functions.

y=2%¥ ym=loga
X log, x
23 =2
D |
1 0
2 1 r
2
¢ B The graph of y = log, x can be
obtained by drawing the inverse
of y = 2%
(a) (b)
Figure 13

Since the domain of an exponential function is the set of all real numbers, the
range of a logarithmic function also will be the set of all real numbers. In the
same way, both the range of an exponential function and the domain of & loga
rithmic function are the set of all positive real numbers, so logarithms can be
found for positive numbers only.

i
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We now summarize information about the graphs of logarithmic functions.

~ LOGARITHMIC FUNCTION f(x) = loga X

Domain: (0,%)  Range: (—%,%)

For f(x) = log, x: b4 |

| x) = logg x,a>1 |

x| fx) f(x) = log,x,a > 1 K i \ |

l !

- x .

? 2 (a, 1) |

Siphie |

; 0 7 () TR ;

1 1 |

a2 | ] (k1)
! 8 3 =1 ] = |
i Figure 14 |

e

e f(x) = log,x, a > 1, is increasing and continuous on its entire domain,
(0, ).

e The y-axis is a vertical asymptote as x — 0 from the right.
e The graph goes through the points (% = 1), (1,0), and (a, 1).

i = . y

For f(x) = logn x: 4» iy o
x | f&) i :
1| |
it k e |
> 1 - oy . |
: 1 \ :
o= 4. |
4 =2 :
8 ) flx)=log, x,0<a< 1 w=1i v=n yl
l
' Figure 15 1
-

o f(x) =log,x, 0<a< 1, is decreasing and continuous on its entire
domain, (0,).

e The y-axis is a vertical asymptote as x — 0 from the right.

e The graph goes through the points (3—, = 1), (1,0), and (a, 1).

B4 Calculator graphs of logarithmic functions do not, in general, give an ac-
curate picture of the behavior of the graphs near the vertical asymptotes. While
it may seem as if the graph has an endpoint, this is not the case. The resolution
of the calculator screen is not precise enough to indicate that the graph ap-
proaches the vertical asymptote as the value of x gets closer to it. Do not draw
incorrect conclusions just because the calculator does not show this behavior. =

The graphs in Figures 14 and 15 and the information with them suggest the
following generalizations about the graphs of logarithmic functions of the form

f(x) = loga X-
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Characteristics of the Graph of f(x) = 1084 X

TEACHING Tip Encourage students

s ize the ch 1. The points (% - l), (1,0), and (a, 1) are on the graph.

memorize the characteristics of X § . i e n e
the graph of fix) = log, x. Ask 2. If a > 1, then f is an increasing function: 1 , the,
them how the coordinates decre ing function.
t‘ g 1) (1.0)and (@, 1) are 3. The y-axis is a vertical asymptote.

j . - . _w w }
affected by different translations of 4. The domain is (0,%), and the range 1s (—00,0)
the graph. Also, emphasize that e

horizontal shifts affect the domains
of logarithmic functions

EXAMPLE 2  Graphing Logarithmic Functions

—o88
Graph each function.

(@) f(x) =lognx (b) f(x) = log;x

Solution

(a) First graph y = (%)‘ which defines the inverse function of f, by plotting

points. Some ordered pairs are given in the taple with the .graph shown in
red in Figure 16. The graph of f(x) = log,, x is the reflection of the graph
of y= (%)‘ across the line y = x. The ordered pairs for y = log,, x are

found by interchanging the x- and y-values in the ordered pairs for y = (%)‘
See the graph in blue in Figure 16.

y=x
x y=@F | fo=y=logix " 4’ x | y=logx \
-2 4 undefined % —| 1
] 2 undefined 1 0 Al
0 1 undefined 3 1 31+ flx) =logyx
1 B 0 9 2 i
i I X — X
2 3 F AW 3 9
4 r e -9 -2+
16 = | flx) = log,),x -+
Figure 16 Figure 17

(b) Another way to graph a logarithmic function is to write f(x) = y = logs X
in exponential form as x = 3'. Now find some ordered pairs; several are

shown in the table with the graph in Figure 17. Be careful to get the ordered
pairs in the correct order.

=

Now try Exercise 45.

EXAMPLE 3  Graphing Translated Logarithmic Functions
Graph each function.

(_a) f(.\') aE lOgZ(.\' = l) (b) f(x) 1 (]0g3 X) =

Solution

(a) The graph of f(x) = log,(x — 1) is t
I unit to the right. The verti
tion is (1,%)

he graph of f(x) = log, X tra.ns]at(:a:
: cal asymptote is x = 1. The domain of this fuf
since logarithms can be found only for positive numbers:

_—
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To find some ordered pairs to plot, use the equivalent exponential form of
the equation y = log,(x — 1).

y =log;(x — 1)
x—1=2 Write in exponential form.
X =2 -] Add 1.

We choose values for y and then calculate each of the corresponding x-values.
See Figure 18.

(b) The function defined by f(x) = (log;x) — | has the same graph as
g(x) = log; x translated 1 unit down. We find ordered pairs to plot by writ-
ing y = (log; x) — 1 in exponential form.

\

I

+ f(x) = (logz x) -1 O (Ing o) =

I y 1= logx Add 1.

g e EHL Write in exponential form.

Again, choose y-values and calculate the corresponding x-values. The graph

Figuri® is shown in Figure 19.
Now try Exercises 33 and 37.
Properties of Logarithms Since a logarithmic statement can be written as
an exponential statement, it is not surprising that the properties of logarithms are
based on the properties of exponents. The properties of logarithms allow us to
change the form of logarithmic statements so that products can be converted to
sums, quotients can be converted to differences, and powers can be converted
to products.
g Properties of Logarithms
TEACHING TIP Encourage students Forx > 0,y > 0,a > 0,a # 1, and any real number r:
0 memorize the rti f Dt
i properties 0 Property Descnptlc?n
e Product Property The logarithm of the product of two
log, xy = log, x + log,y numbers is equal to the sum of the
logarithms of the numbers.
wad t0:CaloniNe Quotient Property The logarithm of the quotient of
Atechnigue called logarithmic differ- s 1 22 S hem s sanel tf) i
lation, which uses the properties of ik ; B 2o S ence between the logarithms of the
“&anthms, can often be used to differ- numbers.
“Mliate complicated functions. Power Property The logarithm of a number raised to
log, x" = rlog, x a power is equal to the exponent
multiplied by the logarithm of the
number.

Two additional properties of logarithms follow directly from the definition

. ] S l =
of log, x since 2= landa =a.

log,1 =0 and log,a =1
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TEACHING TIP Point out that the
phrase “quotients can be convert-
ed to differences” refers to the
quotient property. It does not say

that
log,
l 8% — log,x - log, y
08, y :
or
log, x
log. log.(x — y),

which are common errors that stu-
dents make. A quotient or product
of logarithms cannot be simplified
by using the properties of loga-
rithms given in the box.

EXAMPLE 4 Using the Properties of Logarithms

TEACHING TIP Point out that in
Example 4(d), the product and
quotient properties of logarithms
were applied before the power
property. In Example 4(f), the
power property was applied first.
In general, properties of logarithms
should follow the order of opera-
tions with respect to exponents,
multiplication, and division.

Also point out that the proper-

ties are frequently used from right
to left.

L) \
Rewrite each expression. Assume all variables represent positive real Numbers,

witha # 1 and b # 1.

(c) logs V38

x3 5
(f) log, '/ T,),:

)
(b) |0g9 =g

(@) logy(7-9) 7

mnq

(d) log, —= (e) log, Vm’
243

Solution

(a) loge(7 - 9) = logs 7 + logs 9 Product property

15
(b) IOgQT -~ lqu 15 e I()gl) 7

Quotient property

- g |
(¢) logs\ 8 = logs(8") = Y logs 8 Power property

mn

(d) log, =2
P

= log, m + log, n + log, g — log, p*
= log, m + log,n + log,q — 2log, p

)

(e) log,Vm' = log, m”* = % log, m

(35 FENCANTZ
() log,+" o8y ™
1

Power property

Product and quotient

1 3 5 m
7(log,, x* + logy,y” — log, z") properties

P!
n

(3log,x + 5log,y — mlog,z) Power property

5 m
gl (X o i log,y — — log, z Distributive property
n n n

; ' 1
Notice the use of parentheses in the second and third steps. The factor j
applies to each term.

Now try Exercises 53, 55, and 59

EXAMPLE 5 Using the Properties of Logarithms

B

Write each expression as a single logarithm with coefficient 1. Assume all vari-
ables represent positive real numbers, with ¢ = | and b # 1.

(a) logis(x +2) + logs x — log

c.‘z

(b) 2log, m — 3log, n

1 3
() 5 log,m + —log, 2n — log, m*

- <~
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Solution

=4 2 Product and quotient

(@) log;(x + 2) + gessd i
galx ) + logy x — log; 2 = log; 5 ——

(b) 2log, m — 3log, n = log, m* — log, n’ Power property

= log, = Quotient property

1 3
(¢) - log,m + — log, 2n — log, m’n

= log, m'”* + log,(2n)"* — log, m’n  Power property

m'?(2n)*?

= log, E Product and quotient properties
mn
232,102 '
= log, —mT,E— Rules for exponents
057 Rl -
= logy| —= Rules for exponents
e

8n
= log, & Definition of a""

Now try Exercises 61, 63, and 65.

CAUTION There is no property of logarithms to rewrite a logarithm of a
sum or difference. That is why, in Example 5(a), logs(x + 2) was not written as
log; x + logs 2. Remember, log; x + logs 2 = logs(x - 2).

The distributive property does not apply in a situation like this because
logs(x + y) is one term; “log™ is a function name, not a factor.

EXAMPLE 6 Using the Properties of Logarithms with Numerical Values

Assume that log;o 2 = .3010. Find each logarithm.

(a) logo4 (b) logy 5
Solution
(a) logw4 = logo 22 =2logip2 = 2(.3010) = .6020
10
(b) log;p5 = IOgIOT = log;, 10 — logip2 =1 — .3010 = .6990.

Now try Exercise 69.

Recall from algebra that if f(x) and g(x) are inverse functions, then
flel=x and, - glfl)] =%

Since f(x) = a*and g(x) = log, x are inverses, the next theorem follows.




410 CHAPTER 9 Exponential and Logarithmic Functions

TEACHING TP Point out that the

theorem on inverses really follows

ftm!}thedeﬁniﬁonofloguiu\m.
For instance, since log, x is the
power to which @ must be raised

to obtain x, a raised to that power

will be x. In practice, x will often
be an algebraic expression.

9.2 Exercises

By the results of this theorem,
o0 = 10, logs5'=3, and

The second statement in the theorem will be useful in Section 9.3 when
other logarithmic and exponential equations.

log, r*"' =k + 1.

L@cC MA ©E @B

@®©F OD 22aF B

©)A @D (C (f)E

3. log:81 =4 4 log,32=35
27

S. lo s ) - 3

6. l(\gm 0001 = —4

7.6°=36 8.5'=5

— 1

9. (V3)'=81 10.4°=—
(V3) 1

12. @ = 1, (a = 0) for all real

numbers a. 13. {—4} 14. {—4}

15. (-3} 16. {3} 17. {%
18. {4} 19. {8} 20. {5}

21. {9} 22. {11} 23. {%}

24. {4} 25. {64} 26. {%}

- (2] = ()

29. {—;—-} 30. (0.1) U (1,%)

Concept Check In Exercises I and 2, match the logaﬁthpl in Column I with
in Column II. Remember that log, x is the exponent to which a must be raised
to obtain x.

1 1 1
1. (a) log. 16 A. 0 2. (a) log: 81
1 1
(b) log: 1 B. o (b) 1083"3‘
(©) logy .1 C. 4 (©) log,, .01
(@) log: V2 D. -3 @ logs V6
(e) log,Ll E. =1
A (e) log. 1
(f) log»8 =0
() log; 27%*

For each statement, write an equivalent statement in logarithmic form.

2N ke
= (2)-3

For each statement, write an equivalent statement in exponential form.
7. loge36 = 2

ARy =37 4552 — 39, 6. 1058

8. logs5 =1 9. log\581 =8 10. log.
@ 11. Explain why logarithms of negative numbers are not defined.

12. Concept Check Why does log, 1 always equal O for any valid base a?

Solve each logarithmic equation. See Example 1.

13. x = logsé 18000 = log;% 15. x = logy 001 —
16. x = '086%16 17. x = logs V'8 18. x = 8 logw 100
19, x = 3964 20. x = 12%e0S 21. x = 2¥%’
Lk @ 102 25- 2 24, logxilg -
25. logsx =3 26. log,x = —1 27 x=log¢'\y-1_5;x‘;
28. x = logs V25 29. log,3 = —1
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y 1219281) represents the

o to which 2 must be
% or 10 obtain X (3).

[ij 1 S Ct)mp&re the summary of characteristics of the graph of f() = log, X \\‘:llh the Sim‘il-
a‘r L ary about the graph of f(x) = @' in Section 9.1, Make a list of charactens-
ties that reinforee the idea that these are inverse functions.

\
y\:'\\‘l\l
L

3.“-. 32. The caleulator mph of = ng._, x shows the val- y= logy x
| ues of the ordered pair with x = 5. What does the s \
value of v represent? B

:
o

v Sketch the graph of f(x) = log; x. Then refer to it and use graphing techniques to graph
each function. See Example 3.

%jm = (logyp ¥) =2 33, f(x) = (]0&?3‘) +3 R’ § f(“) = log:(.\“ + 3) 38, fl\‘,) o “0&\‘: % 3“

loga(x + )

Sketch the graph of flx) = logia X. Then refer to it and use graphing techniques o

8. .
= graph each function. See Example 3.
logy nix = 2) ‘ x=2 .
N t 36 f) = (loge®) =2 3 fl0) =logalx —2 & £ = llogiatx — 2|
:: :I i ; - -
L\v" *j\iti*g wp=x Concept Check In Exercises 39-44, match the function with its graph from choices
1 B A-F.
- 2 flx) = ikigl:\t—lll |
9E 0.D 4.B 2. C 39, flx) = loga x 40. flx) = logx 2x 41. flx) = log: T
QF & A
; 4. fl0) = log: —;— Q. fo)=loglx—1) 4 f)=log(~0)
A. ¥ B
1 1 g
S )
D} Y F.

-
-
e

z "*“E:Hkﬁ >

Graph each function. See Examples 2 and 3.
46. flx) = logwx 47, ) = kgl — 0

45. flx) = logs X
49, fl\\‘) e l\\gt\.\' - 1) 0. _"_\'\ - l\‘g‘\\:‘

48. f(\) o loggf_t(3 - x)

e IS We wrile log X as ar abbreviation for 1og,e X. Use the log key on your graphing calcwla-
Axl = X"

L \ tor to graph each function.
flx) =xlogp X S,
; \ 51, flx)=2x logiwe X 2. fx) = x logwex
l.' 3 - - 2 - - R " ‘. S " ‘
\ : Use the pmpem‘ts of logarithems to rew m( N\‘h’ expression. W“f‘ ‘i ik e
ible. Assume all variables represent positive real mumbers. See Example 4.
- sible. : k :
(1“ Dy, — :\i l\\&\ :* k 2 ~
—_— 53 o §. logs 5 =T
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v/
v

car

]
S8. ca

76. (a)
o bo

77. (a)
78. 4

f(x) = x- logyo X
]
f
Y
|.'
/
!
-’L’
<
6 logs x log, \
4 !I“; n l¢ q
| 5
. ‘u 2 l\‘
log, 3 logs S
inot be simplified

nnot be s !‘H‘I'li&\i

w S lo
5 log {1 log,.
K
62. log, —
m
64. log, (p ™)

69. 781
71. 3522
) 73. ARG
l’ -]
‘r o
{
|L E
1.1 (b) 2

1 (b) 6

log, 5

N
w

o
57. logi(2x + 5y)  58. loge(Tm + 3g) 59. logm~ |5

<

60. log, \‘/@
a2

Write each expression as a single logarithm with coefficient 1. Assume all vq riables o

resent positive real numbers. See Example 5.
61. log, x + log,y — log,m

63. 2 log, a — 3 log, b’ 64.

&m

65. 2 log,(z — 1) + log,3z +2), z>1 66.
) < | 5
@ - logs 5w’ + 7 logs 25m’ 68.

1
log,(2y + 5) —

62. (log, k — log, m) — log, a

= log, 0" = %) log, p*q?
2 3

logh( y +

3)

il 16p* 2 3
) ogs 16p -?log38p

Given log,, 2 = .3010 and logyo 3 = 4771, find each logarithm without using a calculq-

tor. See Example 6.

70. log,o 12

@ logm V 30

69. lOgm 6

20
72. log 77

Solve each problem.

B 75. (Modeling) Interest Rates of Treasury Securities The
table gives interest rates for various U.S. Treasury
Securities on June 27, 2003.

(a) Make a scatter diagram of the data.
L . - ~ . -
(b) Discuss which type of function will model these data
best: linear, exponential, or logarithmic.

76. Concept Check Use the graph to estimate each
logarithm.

(a) log; .3 (b) log; .8

71. Concept Check Suppose f(x) = log,
value.

L
(a) f(T)) (b) f(27)

78. Concept Check 1If (5,4) is on the graph of the logarithmic function of base @-

5 = log, 4 or does 4 = log, 5?

9
71. logi -

74. log 10 36”3

Time Yield

3-month | 83%

6-month | 91%
2-year 1.35%
S-year 2.46%
10-year 3.54%
30-year L 4.58%

Source: Charles Schwab.

x and f(3) = 2. Determine each fun¢

tion
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